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Euler angles
- χ axis ≡ dipolar axis ≡ zD
- initial condition: |↑↓ (n)〉
- change of coordinate system: from dipolar frame (D) to

laboratory frame (L)

R =R2 ◦ R1,

R1 = RyD(θ), R2 = RzD′(π − ϕ)
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Euler angles

R =R2 ◦ R1,

R1 = RyD(θ), R2 = RzD′(π − φ)

R =

− cos(φ) sin(φ) 0
− sin(φ) − cos(φ) 0

0 0 1

cos(θ) 0 − sin(θ)
0 1 0

sin(θ) 0 cos(θ)


=

− cos(θ) cos(φ) sin(φ) sin(θ) cos(φ)
− cos(θ) sin(φ) − cos(φ) sin(θ) sin(φ)

sin(θ) 0 cos(θ)


ρ|D = ρ↑↓ = |↑↓〉 〈↑↓| =

1

2

(
1

2
1− Szz + Sz,A − Sz,B

)
R1 = e[i(Sy,A+Sy,B)θ],R2 = e[i(Sz,A+Sz,B)(π−φ)]

ρ|L = R−12 R−11 ρ|DR1R2
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Euler angles

ρ|L =− 1

2
cos2(θ)Szz −

1

2
sin2(θ) cos2(φ)Sxx −

1

2
sin2(θ) sin2(φ)Syy

+
1

4
sin2(θ) sin(2φ)(Sxy + Syx)

+
1

4
sin(2θ) cos(φ)(Sxz + Szx)− 1

4
sin(2θ) sin(φ)(Syz + Szy )

+
1

2
cos(θ)(Sz,A − Sz,B)

− 1

2
sin(θ) cos(φ)(Sx ,A − Sx ,B) +

1

2
sin(θ) sin(φ)(Sy ,A − Sy ,B)

If θ = π/2 and φ = π:
ρ|L = [−Sxx + Sx ,A − Sx ,B ]/2
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Euler angles
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Hamiltonian and pulse sequence

H = ΩASz,A + ΩBSz,B + (d − J)Szz −
d + 2J

2
(Sxx + Syy )

I Transform to the eigenbasis (therefore H becomes diagonal):

Uξ = e [i(Sxy−Syx )ξ/2]

H = ΩS(Sz,A + Sz,B) + q′(Sz,A − Sz,B) + (d − J)Szz

with ξ = arctan [(d + 2J)/(ΩA − ΩB)], ΩS = (ΩA + ΩB)/2,
q′ = [(ΩA − ΩB) cos(ξ)− (d + 2J) sin(ξ)]/2.
In the rotating frame:

H = q′(Sz,A − Sz,B) + (d − J)Szz

The pulse sequence consists in: lightflash-T-βx -τ -πx -τ -echo.
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Evolution for isolated operators: part 1
Part 1: lightflash and free evolution for time T.

1. Transform the operator to the eigenbasis of H
2. Propagation: exp[−iHT ]ρ exp[iHT ]
3. Fast oscillating approx.: drop all the term ∝ sinusoidal of q′

H = q′(Sz,A − Sz,B) + (d − J)Szz

ρ|L =− 1

2
cos2(θ)Szz −

1

2
sin2(θ) cos2(φ)Sxx −

1

2
sin2(θ) sin2(φ)Syy

+
1

4
sin2(θ) sin(2φ)(Sxy + Syx)

+
1

4
sin(2θ) cos(φ)(Sxz + Szx)− 1

4
sin(2θ) sin(φ)(Syz + Szy )

+
1

2
cos(θ)(Sz,A − Sz,B)

− 1

2
sin(θ) cos(φ)(Sx ,A − Sx ,B) +

1

2
sin(θ) sin(φ)(Sy ,A − Sy ,B)
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Evolution for isolated operators: part 1

After part 1 of the pulse sequence:

Initial operator After part 1

Szz →Szz

Sxx + Syy → sin(ξ)(Sz,A − Sz,B)

Sz,A − Sz,B → cos (ξ)(Sz,A − Sz,B)

Sxx − Syy →Sxx − Syy

Sxy + Syx →Sxy + Syx

Sxz + Szx →0

Syz + Szy →0

Sx ,A − Sx ,B →0

Sy ,A − Sy ,B →0
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Evolution for isolated operators: part 2

Part 2: βx pulse.

1. Transform back to cartesian basis (inverse of transformation
to the eigenbasis of H)

2. Pulse along x-axis with flipping angle β

3. Transform to the eigenbasis of H

- The initial operators Szz , Sxx + Syy , Sz,A − Sz,B , Sxx − Syy :
get terms proportional to: Szz , Sxx , Syy , Sz,A − Sz,B
Syz + Szy , Sy ,A − Sy ,B

- The initial operator Sxy + Syx gets terms
proportional to Sxy + Syx , Sxz + Szx , Sx ,A − Sx ,B
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Evolution for isolated operators: part 3
Part 3: free evolution for time τ , πx -pulse, free evolution for τ .

1. Free evolution (propagation: exp[−iHT ]ρ exp[iHT ])

2. Transform to cartesian basis

3. πx -pulse

4. Transform to eigenbasis of H
5. Free evolution (propagation: exp[−iHT ]ρ exp[iHT ])

6. Fast oscillating approx.: drop all the term ∝ sinusoidal of q′

7. Transform to cartesian basis

- This part of the sequence does not change the quantum order
of the operators

- To get the signal at the end we do: Tr[ρ(Sx ,A + Sx ,B)] and
Tr[ρ(Sy ,A + Sy ,B)]

→ We evolve each pathway separately (only single quantum
operators)

→ We look at the terms proportional to (Sx ,A + Sx ,B) and
(Sy ,A + Sy ,B) after the evolution
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Evolution for isolated operators: part 3

All the pathways that appear at the end of part 2:

Szz Sxx Syy

Sz,A − Sz,B Syz + Szy Sy ,A − Sy ,B

Sxy + Syx Sxz + Szx Sx ,A − Sx ,B

- The pathways Syz + Szy and Sy ,A − Sy ,B get one term that is
proportional to Sx ,A + Sx ,B → out-of-phase EPR signal

- The pathways Sxz + Szx and Sx ,A − Sx ,B get one term that is
proportional to Sy ,A + Sy ,B → in-phase EPR signal
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Evolution for isolated operators: results

Initial operator EPR signal

Szz →out-of-phase

Sxx + Syy →out-of-phase

Sz,A − Sz,B →out-of-phase

Sxx − Syy →out-of-phase

Sxy + Syx →in-phase

Sxz + Szx →0

Syz + Szy →0

Sx ,A − Sx ,B →0

Sy ,A − Sy ,B →0

ρ↑↑/↓↓ = [Szz ± (Sz,A + Sz,B)]/2 → out-of-phase
ρT0/S = [−Szz ± (Sxx + Syy )]/2 → out-of-phase
ρ↑↓/↓↑ = [−Szz ± (Sz,A − Sz,B)]/2→ out-of-phase
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Evolution for isolated operators: results

Ex(Szz) = cos2(ξ) sin[2(d − J)τ ] sin(2β),

Ex(Sxx + Syy ) = cos2 (ξ) sin2 (ξ) sin[2(d − J)τ ][2 sin (β)− sin (2β)],

Ex(Sz,A − Sz,B) = cos3 (ξ) sin (ξ) sin[2(d − J)τ ][2 sin (β)− sin (2β)],

Ex(Sxx − Syy ) = sin[2(d − J)τ ] cos2 (ξ) sin (2β),

Ey (Sxy + Syx) =− 2 cos2(ξ) sin(β) sin[2(d − J)τ ].
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Evolution for isolated operators: results

ρ|L =− 1

2
cos2(θ)Szz −

1

2
sin2(θ) cos2(φ)Sxx −

1

2
sin2(θ) sin2(φ)Syy

+
1

4
sin2(θ) sin(2φ)(Sxy + Syx)

+
1

4
sin(2θ) cos(φ)(Sxz + Szx)− 1

4
sin(2θ) sin(φ)(Syz + Szy )

+
1

2
cos(θ)(Sz,A − Sz,B)

− 1

2
sin(θ) cos(φ)(Sx ,A − Sx ,B) +

1

2
sin(θ) sin(φ)(Sy ,A − Sy ,B)

In-phase signal, maximum at
θ = π/2, φ = π/4
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